Let V be a vertex operator algebra. It is shown that the categories of weak, admissible and ordinary g-twisted modules for the tensor product VOA V ⊗k are isomorphic to the categories of weak, admissible and ordinary V -modules respectively where g is a k cycle automorphism of V ⊗k . For arbitrary permutation automorphism g of V ⊗k the category of admissible g-twisted modules for V ⊗k is semi simple and the simple objects are determined if V is rational. The key result is a construction of the weak g-twisted V ⊗k -modules from weak V -modules.
Introduction
The orbifold theory [DVVV] and coset construction theory [GKO] are two major ways of constructing a new conformal field theory from a given one. The critical step in orbifold conformal field theory is to construct twisted sectors. This paper is about the permutation orbifold theory.
The permutation orbifold theory has been studied in [KS] and [FKS] in the physics literature. Recently in [BHS] , cyclic permutation orbifolds were investigated, and for affine, Virasoro, super-Virasoro and W 3 cyclic permutation orbifolds, the twisted vertex operators for the generators were given. The characters and modular properties of permutation orbifolds are presented in [Ba] . But the construction of twisted sectors in general has been an open problem. The main result of this paper is the construction of twisted sectors for the permutation orbifold theory. We expect that the method introduced in this paper could be used to construct twisted sectors for arbitrary orbifold theory. We give some overview of permutation orbifolds and our results. We assume the reader has some familiarity with the basic knowledge of vertex operator algebras (cf. [Bo] , [FLM2] and [FHL] ). The reader can find the definitions of weak, admissible and ordinary twisted modules in Section 3.
Let V be a vertex operator algebra and g an automorphism of V . Then we can define a new weak V -module g • M for any weak V -module M such that g • M = M as the underlying space and the vertex operator associated to v is given by Y (gv, z) (cf. [DM1] ). Then M is called g-stable if g • M and M are isomorphic as weak V -modules. It is a well-known conjecture that if V is rational and g is of finite order, then the number of irreducible g-stable V -modules is equal to the number of irreducible g-twisted V -modules. It is proved in [DLM3] that if V is rational and satisfies the C 2 condition then the number of irreducible g-twisted modules is less than or equal to the number of irreducible gstable V -modules. Moreover, if V is also assumed to be g-rational, then the number of irreducible V -modules is equal to the number of irreducible g-stable V -modules. Now consider the tensor product vertex operator algebra V ⊗k (see [FHL] ) for a fixed positive integer k and a k-cycle g which acts on V ⊗k in the obvious way. It is clear that if V is rational, then the number of irreducible g-stable V ⊗k -modules is equal to the number of irreducible V -modules. The conjecture above in this case says that if V is rational then the number of irreducible g-twisted V ⊗k -modules is equal to the number of irreducible Vmodules. Our main results in this paper is a stronger result, namely that the categories of weak, admissible and ordinary g-twisted V ⊗k -modules are in fact isomorphic to the categories of weak, admissible and ordinary V -modules, respectively, even without the assumption that V is rational. We also construct all irreducible h-twisted V ⊗k -modules for any h ∈ S k and prove that V ⊗k is h-rational if V is rational. One can easily use our explicit constructions to calculate the characters and perform modular transformations.
The main idea we use in proving the equivalence of the category of weak g-twisted V ⊗k -modules and the category of weak V -modules is to define a weak V ⊗k -module structure on any weak V -module. Our construction has been motivated by two results. The first result is the modular invariance of the trace function in orbifold theory [DLM3] . If V is a holomorphic vertex operator algebra, then V is the only irreducible module for itself. Thus V ⊗k is the only irreducible g-stable V ⊗k -module. Following the notation of [DLM3] , consider the symmetric group S k as an automorphism group of V ⊗k and denote Z(x, y, τ ) the y-trace on the unique x-twisted V ⊗k -module V ⊗k (x) where x, y ∈ S k commute. Then the span of Z(x, y, τ ) is modular invariant. Using the modular invariance result, one can show that the graded-dimension of irreducible g-twisted V ⊗k -modules is exactly the graded dimension of V except that V n is graded by n/k plus a uniform shift instead of n for n ∈ Z. (This fact has also been observed and used in [DMVV] to study elliptic genera of symmetric products and second quantized strings.) Thus one should expect a g-twisted V ⊗k -module structure on V with the new gradation.
The second result is the construction of twisted modules for V for the automorphism e 2πh 0 of V where h ∈ V 1 such that h 0 acts semisimply on V with only finitely many rational eigenvalues [L2] . This construction defines a new action on any V -module and thus gives a e 2πh 0 -twisted V -module. The main feature in the new action is an exponential operator ∆(z) built up from the operators h n for n ≥ 0. This kind of operator also appeared in the construction of twisted sectors for lattice vertex operator algebras [FLM1] - [FLM2] . Now let M be a weak V -module. As suggested above one expects a weak g-twisted V ⊗k -module structure on M with vertex operator Y g (v, z) for v ∈ V ⊗k . From the twisted Jacobi identity one sees that the component operators of
for u ∈ V . Therefore, the key point is to define
and [L2] an operator ∆(z) was introduced by using vertex operators associated to certain Heisenberg algebras. But for an arbitrary vertex operator algebra, we do not have an Heisenberg algebra available. Also note that if this construction exists, it should also work if V is the vertex operator algebra associated to the highest weight modules for the Virasoro algebra. Therefore in general, the only visible operators are L(n) for n ∈ Z. And in fact, our operator ∆ k (z) is built up from L(n) for n ≥ 0 (see Section 2). This paper is organized as follows. In Section 2, we define the operator ∆ k (z) on V and prove several important properties of ∆ k (z) which are needed in Sections 3 and 4. The main ideas of the proofs of these identities come from [H] . In Section 3, we define a weak g-twisted V ⊗k -module structure on any weak V -module M by using the operator ∆ k (z). As a result we construct a functor T from the category of weak V -modules to the category of weak g-twisted V ⊗k -modules such that T maps admissible (resp., ordinary) Vmodules into admissible (resp., ordinary) g-twisted V ⊗k -modules. In addition, T preserves irreducible objects. In Section 4, we define a weak V -module structure on any weak gtwisted V ⊗k -module. We also construct a functor U from the category of weak g-twisted V ⊗k -modules to the category of weak V -modules such that T • U = id and U • T = id.
Section 5 is devoted to the twisted module for any permutation. In particular we prove that if V is rational then V ⊗k is g-rational for any permutation g. We also determine the irreducible g-twisted V ⊗k -modules.
In Section 6 we study the various twisted modules for an automorphism of V ⊗k which is a product of a permutation with an automorphism of V. Here the automorphisms of V act on V ⊗k diagonally. If x is an automorphism of V, y is a k-cycle and g = xy is an automorphism of V ⊗k , it is worth to note that the category of weak g-twisted V ⊗k -modules is isomorphic to category of weak x k -twisted V -modules.
The authors thank James Lepowsky for pointing out a mistake in an earliear version of this paper and Hirotaka Tamanoi for valuable discussions.
2 The operator ∆ k (z)
In this section we shall define an operator ∆ k (z) = ∆ V k (z) on a vertex operator algebra V for a fixed positive integer k. The importance of ∆ k (z) will be clear in Sections 3 and 4.
Let x, y, z, z 0 , z 1 , z 2 , and α j for j ∈ Z + be formal variables commuting with each other. Let Z + denote the positive integers. Consider the polynomial
By Proposition 2.1.1 in [H] , for any formal power series
Thus for k ∈ Z + , we can define a j ∈ C for j ∈ Z + , by
For example, a 1 = Let
Equations (2.1) and (2.2) follow.
Proof: By equation (5.4.10) 4 in [H] and Proposition 2.1 above, we have
4 There is a typo in this equation. A (0) in the first line of equation (5.4.10) should be A (1) which is the infinite series {A
(1)
j ∈ C. In our case, A
for all n ∈ Z. Equation (2.3) follows by linearity.
The proof of identity (2.4) on x n for n ∈ Z is analogous to the proof of identity (2.3) on x n for n ∈ Z. Identity (2.4) then follows by linearity.
Let v be the Virasoro algebra with basis L j , j ∈ Z, and central charge d ∈ C. The above identity can be thought of as an identity for the representation of the Virasoro algebra on
, for j ∈ Z, with central charge equal to zero. We want to prove the corresponding identity for any representation of the Virasoro algebra. We do this by following the method of proof used in Chapter 4 of [H] . That is we first prove the identity in
involving only elements L j with j ∈ N. The right-hand side of (2.5) also involves only L j for j ∈ N. Thus comparing with the identity (2.3) for the representation L(j) = −x j+1 ∂ ∂x , the identity (2.5) must hold. The proof of (2.6) is analogous.
Let W be a module for the Virasoro algebra, and let L(j) ∈ End W , j ∈ Z, and c ∈ C be the representation images of L j for j ∈ Z, and d, respectively, for the Virasoro algebra.
From Proposition 4.1.1 in [H] and Proposition 2.4, we obtain the following corollary.
In particular, the identities hold for W being any vertex operator algebra.
Twisted sector for a cycle
We first review the definitions of weak, admissible and ordinary g-twisted modules for a vertex operator algebra V and an automorphism g of V of finite order
and w ∈ M the following hold:
r where V r = {v ∈ V |gv = e −2πir/k v}; (4) the twisted Jacobi identity holds:
It can be shown (cf. Lemma 2.2 of [DLM1] , [DLM2] ) that Y M (ω, z) has component operators which still satisfy the Virasoro algebra relations and
If we take g = 1, we get a weak V -module. An admissible g-twisted V -module is a weak g-twisted V -module M which carries a
We may assume that
we have an admissible V -module. An (ordinary) g-twisted V -module is a weak g-twisted V -module M graded by C induced by the spectrum of L(0). That is, we have
where M λ = {w ∈ M|L(0)w = λw}. Moreover we require that dim M λ is finite and M n k +λ = 0 for fixed λ and for all small enough integers n. If g = 1 we have an ordinary V -module.
The vertex operator algebra V is called g-rational if every admissible g-twisted Vmodule is completely reducible, i.e., a direct sum of irreducible admissible g-twisted modules. It was proved in [DLM1] that if V is g-rational then: (1) every irreducible admissible g-twisted V -module is an ordinary g-twisted V -module; (2) V has only finitely many isomorphism classes of irreducible admissible g-twisted modules. Now we turn our attention to tensor product vertex operator algebras. Let V = (V, Y, 1, ω) be a vertex operator algebra and k a fixed positive integer as in Section 2. Then V ⊗n is also a vertex operator algebra (see [FHL] ), and the permutation group S k acts naturally on V ⊗k as automorphisms. Let g = (12 · · · k) be a k-cycle. In this section we construct a functor T from the category of weak V -modules to the category of weak g-twisted modules for V ⊗k .
For v ∈ V denote v j ∈ V ⊗k the vector whose j-th factor is v and 1 elsewhere. Then
.., k where k + 1 is understood to be 1. Let W be a weak g-twisted V ⊗k -module and η = e −2πi/k . Then it follows immediately from the definition of twisted
Since V ⊗k is generated by v j for v ∈ V and j = 1, ..., k, the vertex operators Y (v 1 , z) for v ∈ V determine the vertex operators Y (u, z) on W for any u ∈ V ⊗k . This observation is very important in our construction of twisted sectors.
Let u, v ∈ V. Then by (3.1) the twisted Jacobi identity for Y (u 1 , z 1 ) and
(cf. [D] ). Since g j u 1 = u j+1 , we see that Y (g j u 1 , z 0 )v 1 only involves nonnegative integer powers of z 0 unless j = 0 (modk). Thus
This shows that the component operators of Y (u 1 , z) for u ∈ V on W form a Lie algebra.
which will be the twisted vertex operator acting on M associated to u 1 . Here we give several examples ofȲ (u, z).
In particular, if n = 1 we haveȲ
This case is important in the study of symmetric orbifold theory for the vertex operator algebras associated to affine Lie algebras. Now we take u = ω. Recall that a 2 =
where c is the central charge. Thus
We next study the properties of the operatorsȲ (u, z).
Proof: By Corollary 2.5, we havē
as desired.
which is a consequence of the Jacobi identity on M, we have
Making the change of variables x = z
and using Proposition 2.2, we obtain
We are now in a position to put a weak g-twisted V ⊗k -module structure on M. For
The following lemma is immediate from Lemma 3.2.
where
, and
Proof: By Lemma 3.2, equation ( and η −j+1 z 1/k 2 , respectively, we obtain equation (3.7) for any i, j. Equation (3.8) is a direct consequence of (3.7).
By Lemma 3.3 for u, v ∈ V , there exists a positive integer N such that
Thus the set
forms a local system in the sense of [L2] . Let σ be a map from A to A such that
, z) for u ∈ V and i = 1, ..., k. By Theorem 3.14 of [L2] , A generates a vertex algebra (L, Y L ) and σ extends to an automorphism of L of order k such that M is a natural weak σ-twisted L-module in the sense that Y (α(z), z 1 ) = α(z 1 ) for α(z) ∈ A.
Remark 3.4 σ is given by σa(z) = lim
for a(z) ∈ L (see [L2] ).
Or, equivalently, a(z) n b(z) is defined by:
Proof: From the vertex algebra structure of L, we have
is an eigenvector for σ with eigenvalue η p . Set
Then by (3.11)
Using Lemma 3.3 we compute
Note that FLM2] ). Thus
We finally have
Proof: The lemma follows from Lemma 3.5 and formula (13.26) of [DL] .
Define the map f :
Lemma 3.7 f is a homomorphism of vertex algebras.
Proof: We need to show that
By Lemma 3.6, we have
By Lemma 3.5, it is enough to show that
for u, v ∈ V and i = 1, ..., k. In fact, in view of the relation between Y (u 1 , z) and Y (u i , z)
for u ∈ V, we only need to prove the case i = 1.
By Proposition 2.2,
On the other hand, Let x be a new formal variable whcih commutes with z 0 , z 1 , z 2 . Then
Note that the first term in the above formula makes sense when x is replaced by z
1/k . So the last term also does. Thus
Finally we have
as desired. Now we state our first main theorem of the paper.
where 
and that all twisted vertex operators
for u ∈ V. It is clear now that M is an irreducible weak V -module if and only if T (M) is an irreducible weak g-twisted V ⊗k -module. So (1) has been proved.
As before since all twisted vertex operators Y g (v, z) for v ∈ V ⊗k can be generated from
Since the weight of
In order to prove (3) we write
. This implies (3) immediately. Let V be an arbitrary vertex operator algebra and g an automorphism of V of finite order. We denote the categories of weak, admissible and ordinary g-twisted V -modules by C g w (V ), C g a (V ) and C g (V ), respectively. If g = 1, we habitually remove the index g.
The following corollary is obvious. and C(V ) are functors from C a (V ) and
In the next section we will construct a functor U from the category C g w (V ⊗k ) to the
) be a weak g-twisted V ⊗k -module. Motivated by the construction of weak g-twisted V ⊗k -modules from weak V -modules in Section 3, we set U(M) = M and
Our goal in this section is to prove that
Proof: The proof is similar to that of Lemma 3.1. By Corollary 2.5 we have
Making the change of variable z → z k gives
Proof: The proof is similar to the proof of Lemma 3.2. From the twisted Jacobi identity, we have
Therefore,
Making the change of variables z 0 = z
Thus the proof is reduced to proving for all i, j ≥ 0. Finally we have for n ≥ m,
where we have used equation (4.1). So the proof is complete. (3) The restrictions of T and U to the category of ordinary V -modules C(V ) and to the category of ordinary g-twisted V
⊗k -modules C g (V ⊗k ), respectively, give category isomorphisms.
Proof: It is trivial to verify T • U = id C g w (V ⊗k ) and U • T = id Cw(V ) from the definitions of the functors T and U. Parts 2 and 3 follow from Theorem 3.8.
Twisted sectors for arbitrary permutations
In order to determine the various twisted module categories for any permutation we need to study twisted modules for the tensor product vertex operator algebras in general.
Let Let (M, Y ) be a weak x
